ON 6 m CONSTANT LOCUS OF VERSAL DEFORMATIONS OF 
NONDEGENERATE HYPERSURFACE SIMPLE K3 

SINGULARITIES 
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on ■ masako furuya 

►^ ; Introduction 

Simple X3 singularities are regarded as natural generalizations in three-dimensional 

case of simple elliptic singularities. The notion of a simple K3 singularity was defined 

by S. Ishii and K. Watanabe [IW] as a three-dimensional Gorenstein purely elliptic 

singularity of (0,2)-type, whereas a simple elliptic singularity is a two-dimensional 

purely elliptic singularity of (0,l)-type. It is also pointed out in [IW] that a simple K3 

singularity is characterized as a quasi- Gorenstein singularity such that the exceptional 

set of any minimal resolution is a normal K3 surface. Let / G C[x,y,z,w] be a 
bJO 

polynomial which is nondegenerate with respect to its Newton boundary r(/) in the 

sense of [VI], and whose zero locus X = {/ = 0} in C 4 has an isolated singularity at 

the origin G C 4 . Then the condition for (X, 0) to be a simple K3 singularity is given 

by a property of the Newton boundary r(/) of / (cf. Theorem 1.6). 



> 
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Hypersurface simple K3 singularities defined by nondegenerate quasi-homogeneous 
polynomials are classified into ninety five classes in term of the weight of the polynomial 
by Yonemura [Yo]. We consider versal deformations of them. It has been conjectured 
that the stratum /i =const of the versal deformation of any nondegenerate hypersurface 
simple K3 singularity is equivalent to the 8 m constant locus by Ishii. It holds true for 
the case deformations are also nondegenerate by 1.7 (1) [W]. On the other hand, it 
follows from 2.2 ([Rl], [R2]) that the S m constant locus includes the \i constant locus 
generally. We show the conjecture holds true in general for No. 10-14, 46-51 and 83 in 
the table of [Yo]. 

I would like to express my sincere gratitude to Professor Shihoko Ishii for telling me 
about the conjecture and giving valuable advice. I also express my gratitude to 
Professors Masataka Tomari and Kei-ichi Watanabe for their useful comments 
concerning Theorem 2.4, and to Professor Takao Fujita for his helpful remark on 



Section 1 and 2. I also thank Mr. Hironobu Ishihara who pointed out grammatical 
mistakes throughout this paper. 

1. Preliminary 

In this section, we recall some definitions and facts from [II], [IW], [W] and [Yo]. 

First we define the plurigenera S m , m G N, for normal isolated singularities and 
define purely elliptic singularities. Let (X, x) be a normal isolated singularity in an 
n-dimensional analytic space X, and n : (X,E) — > (X,x) a good resolution. In the 
following, we assume that X is a sufficiently small Stein neighbourhood of x. 

Definition 1.1 (Watanabe [W]-Def. 1.2). Let (X, a;) be a normal isolated singularity. 
For any positive integer m, 

S m (X,x) := dim c r(X - {x}, <D{mK))/ L 2 ' m {X - {x}), 

where K is the canonical line bundle on X — {x}, and L 2 l m {X — {x}) is the set of all 
L 2//m -integrable (at x) holomorphic m-ple n-forms on X — {x}. 

Then 5 m is finite and does not depend on the choice of a Stein neighbourhood X. 

Definition 1.2 (Watanabe [W]-Def. 3.1). A singularity (X, x) is said to be purely 
elliptic if S m (X, x) = 1 for every m G N. 

In the following, we assume that (X, x) is quasi-Gorenstein, i.e., there exists a non- 
vanishing holomorphic 3-form on X — {x}. Let E = |J Ei be the decomposition of the 
exceptional set E into irreducible components, and write K^ = n*Kx + Xlie/ m i-^« — 
^2j € jTrijEj with mi > 0, rrij > 0. Ishii [II] defined the essential part of the exceptional 
set E as Ej = ^j^jf^jEj, and showed that if (X,x) is purely elliptic, then rrij = 1 
for all j G J. 

Definition 1.3 (Ishii [Il]-Def. 4.1). A quasi-Gorenstein purely elliptic singularity (X, x) 
is of (0,i)-type if H n ~ l (Ej,OEj) consists of the (0,i)-Hodge component if n ^ 1 (£'j), 
where 

n-l 

C - H n -\Ej,0 Ej ) = Gr F H n '\Ej) =@H%L 1 (Ej). 

i=0 



Definition-Proposition 1.4 (Ishii-Watanabe [IW]-Def. 4). A three-dimensional 
singularity (X, x) is a simple K3 singularity if the following two equivalent conditions 
are satisfied: 

(1) (X,x) is Gorenstein purely elliptic of (0,2) -type. 

(2) The exceptional divisor E is a normal K3 surface for any minimal resolution 
n : (X,E) — ► (X,x). 

Recall 1.5. A minimal resolution ir : (X,E) — ► (X,x) is a proper morphism with 
X — E = X — {x}, where X has only terminal Q- factorial singularities and K^ is 
numerically effective with respect to n. 

Next we consider the case where (X, x) is a hypersurface singularity defined by a 
nondegenerate polynomial f = Yl a v zV £ C[zo, zi, • • • ,z n ], and x = E C n+1 . 

Recall 1.6. The Newton boundary r(/) of / is the union of the compact faces of r + (/), 
where r + (/) is the convex hull of \J a -l (v + -^-"o 1 ) m R- n+1 - For any face A of r + (/), 
set /a := X^eA a v zV ■ We say / to be nondegenerate, if 

<9/a = dU = ... = <^U =Q 

has no solution in (C — {0}) n+1 for any face A. 

When / is nondegenerate, the condition for (X, x) to be a purely elliptic singularity 
is given as follows: 

Theorem 1.7 (Watanabe [W]-Prop. 2.9, Cor. 3.14). Let f be a nondegenerate 
polynomial and suppose X = {/ = 0} has an isolated singularity at x = G C n+1 . 

(1) (X, x) is purely elliptic if and only if (1, 1, • ■ ■ , 1) G T(/). 

(2) Let n=3 and let A be the face of T(f) containing (1, 1, 1, 1) in the relative 
interior of A . Then (X,x) is a simple K3 singularity if and only z/dimp, A = 3. 

Thus if / is nondegenerate and defines a simple K3 singularity, then /a := J^ e A a v zl 
is a quasi- homogeneous polynomial of a uniquely determined weight a called the weight 
of / and denoted a(f). Namely, a = (a±, ■ ■ ■ , a 4 ) G Q>o 4 and deg Q (z/) := ^2 i=1 cav% = 
1 for any v G Ao- In particular, Xli=i a i — 1> since (1, 1, 1, 1) is always contained in 

A . 



Theorem 1.8 (Yonemura [Yo]-Prop. 2.1). The cardinality of 

{«(/) ; / is nondegenerate and defines a simple K3 singularity, a.\ > a 2 > a 3 > a 4 } 

is 95. 

In Table 2.2 of [Yo] can be found the complete list of weights a = ot(f) and examples 
°f / = Yl a vZ v such that / is quasi-homogeneous and that {/ = 0} C C 4 has a simple 
K2> singularity at the origin G C 4 . 

We describe a weight a = a(f) as a = (pi/p,P2/p,P3/p,Pa/p), where p, pi are 
positive integers with gcd(pi,p 2 ,p3,p 4 ) = 1. 

Next we consider the versal deformation of simple K3 singularity (X = {/ = 0}, 0) 
such that / is a nondegenerate quasi- homogeneous polynomial. 

Definition 1.9. A deformation of an isolated singularity (X,x) is a flat family of 
singularities: 

X={(X t ,x t ); teUdC N }^U 

such that (Xo,xq) = (X,x) as germs of holomorphic functions. 
Where U is a sufficiently small open neighbourhood of in C^. 

Definition 1.10. A deformation X of an isolated singularity (X, x) is versal if for any 
deformation X' — ► U' of (X,x), the following is satisfied: 

isom 

XxuU' =* X' ► U' 

3 holomorphic 

u 
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Theorem 1.11 ([KS], [Tj]). The versal deformation X of an isolated singularity 
({/ = 0}, 0) is described by 

* = {({/ + E A ^ = °}> °) ; ( A *) G ^ c c7V >' 

where the gi determine a C-basis of the vector space C{zq, • • • , z n }/(f, f Zo , • • • , f Zn ). 

The purpose of this paper is to show that the following conjecture holds true for 
No. 10-14, 46-51 and 83 in Table 2.2 of [Yo]. 



Problem 1.12 (Ishii). Let (X = {/ = 0}, 0) be a hypersurface simple K3 singularity 
defined by a nondegenerate quasi- homogeneous polynomial /, and let X be the versal 
deformation of (X, 0). Then, 

{XeUcC N ; /i(X, o) = M^a, 0), (X A , 0) G X} 
= {XeU CC N ; 1 = 5 m (X, 0) = 5 m (X x , 0) for all m > 1, (X A , 0) G X}. □ 

Since (X, 0) and (X A , 0) are hypersurface isolated singularities, they are normal 
Gorenstein, and so 

P g = •<=>- 5 m = for all m > 1. 

On the other hand, (X A ,0) is a deformation of a purely elliptic singularity (X, 0), 
so it is either rational or purely elliptic. Therefore, this problem is equivalent to: 

//(X, 0) = fi(X x , 0) <{=► 1 = P g (X, 0) = P g (X A , 0). 

Furthermore, since /i and P 9 are upper semi-continuous in respect of deformation 
([M], [Te], [E]-Thm. 1, [Ya]-Thm. 2.6), it is equivalent to: 

/i(X, 0) > /i(X A , 0) <=> l = P g (X,0)>P 9 (X A ,0) = 0. 

2. Reduction of the problem 

Considering some facts, we can reduce the problem posed in section 1 to one about 
the weight of the defining polynomial of a hypersurface singularity. 

Theorem 2.1 (Varchenko [V2]-Thm. 2). Let f G C[zq, ■ ■ ■ ,z n ] be quasi-homogeneous 
of weight a with ao + - ■ - + a n = 1, and {f = 0} has an isolated singularity at G C n+1 . 
Let 

\i := fi(f, 0) < +oo, /x := / + J^ Atfi, 

where g,i G C{zo, • • • , z n }/(f Zo , ■ ■ ■ , / 2n ) are generators of the Jacobi ring, which are 
monomials. (Since f is quasi-homogeneous, gi can be taken as monomials.) Then, 
{A = (A 1; • • • , A„) G U C C" ; /!(/, 0) = M/a, 0)} 
= {A = (Ai, • ■ • , A^) G U C C M ; Aj = /or a// z satisfying that deg a (oj) < 1}, 
w/iere deg Q (^° < n ) := «o«o H H «««„. □ 

From 1.7 (1) and 2.1, it follows that 

M/,0)=M/a,0) <*=► P 9 (/,0)=P 9 (/ A ,0) 



holds true if f\ is also nondegenerate. Though f\ is not always nondegenerate, the 
following theorem is useful as well. 

Theorem 2.2 (Reid [Rl]-Thm. 4.1, [R2]-Thm. 4.6). Let (X = {/ = 0}, 0) C (C n+1 ,0) 
be a hypersurface singularity and let a = (a , • • • , a n ) = (po/p, • • • ,Pn/p) £ Q>o n+1 
swc/i that (po, ■ ■ ■ ,p n ) ^ N™ +1 is a primitive vector. Then, 

(X, 0) : canonical => deg a (z z n ) > deg Q (/), 

where deg Q (/) := min{deg a (^) ; z" G /}. □ 

A hypersurface singularity is canonical if and only if it is rational, and so it follows 

that 

M o) = MA, o) => p s (/, o) = p 9 (/ a , o) 

holds always true from 2.2. Hence we should show the converse proposition. 

Remark 2.3. Let (X,x) be a n-dimensional normal Gorenstein singularity and 

(X,E)^U(X,E)^(X,x), 

where X has at most rational singularities and ir" := i\ o 71 7 is a resolution. Let -E = 
Uie/ ^i be the decomposition of the exceptional set E into irreducible components, 
and write K x = n*K x + J2iei m iEi- Then, it follows that nl(0(K x )) = 0(K X ) since 
X has at most rational singularities ([KKMS]-p. 50), and so 

P 9 (X,x) := dim c (R n - 1 7i\0^) x 

= dime T(X - {x}, 0(K x ))/L 2 (X - {x}) 

= dim c T(X - E, 0(K:))/r(X, 0{K x )) 

= dime T(X, 0(n"*K x ))/T(X, <D(K = )) 

= dim c T(X, 0(7r*K x ))/T(X, K(0(K = ))) 

= dime r(X, 0(n*K x ))/T(X, 0{K X )). 



Therefore, 

3 i G I ; mi < 
namely, 



r(x,o(ir*K x ))Dr(x,o(K x )) 



P 9 (X,x)>0, 



V % G /, m,- > 



P fl (X,x) = 0. 



Theorem 2.4 (Tomari-Watanabe [TW]-Thm. 5.6). Let (X = {/ = 0}, x) be a 
n- dimensional hypersurface isolated singularity and 

/ = /0 + /l + /2 + -", 

fi : quasi-homogeneous polynomial of weight a = (cto, • • • , a n ) ; 
1 = deg a (/ ) < deg a (/i) < deg a (/ 2 ) < • • • , 
and 



n : a— blow— up , . , 

V h- c n+1 



U U 



x = u- 1 (x)-u- l (x) ^ X 

U w 

£ = 7r -1 (:r) — > x. 

Assume that /o zs irreducible and both X — {x} and {/o = 0} — {x} /iawe ai mos£ 
rational singularities around x. Then X has at most rational singularities. □ 

Thus we expect a partial resolution ir in 2.3 is given by a weighted blow-up. 

Remark 2.5 (Ishii [I2]-Prop. 1.3, 1.6). Under the notation in 2.4, U*X C V and K C 4 
are principal divisors, hence, 

IPX = X + pF, 

Ky = ITK C 4 + (pi + p 2 + p 3 + P4 - 1)F, 

X X = (X C 4+X)U, 

thus, 1^ = (Xy + X)^ 

= (IT(X C 4 +X) + (p! + p 2 + p 3 + p 4 - l-p)F)\x 

= n*K x + (pi + P2 + P3 + Pi - 1 ~ P)^2 kiEi > 

i 

where a = (an, a 2 , a 3 , a 4 ) = (pi/p, p 2 /p, Pa/p, pVp) withgcd(pi, p 2 , p 3 , p 4 ) = 1, 

F = n- 1 (o), f|^ = e = e^^, **>(). 

Thus, p < p\ + • • • + p 4 if and only if R 2 7i^O^ = 0. 



Problem 2.6. Let / be a nondegenerate quasi-homogeneous polynomial which 
defines a simple K3 singularity at 0, and (X x = {f x = 0}, 0) a versal deformation of 
(X — {f — 0}, 0) such that n(X x , 0) < n(X, 0). Then find a weight a' = (a[, ■ • • , a' 4 ) = 
(p'i/p'i ' ' ' iP'Jp') °f f\ with 1 < a[ + ■ ■ ■ + «4 such that: 

fx = /o + h + /2 + • • • , 

/j : quasi- homogeneous polynomial of weight a', 

1 = deg a ,(/ ) < deg Q ,(/i) < deg Q ,(/ 2 ) < • • • , 
/o is irreducible, 
and {/o = 0} — {0} has at most rational singularities around 0. 

If there exists such weight a' then P g (X\, 0) = by 2.4 and 2.5. 
We show there exists such weight a' as in 2.6 for f = x 2 + y 3 + ■ ■ ■ , of No. 10-14, 
46-51 and 83 in Table 2.2 of [Yo] to obtain our main result as follows: 

Theorem 2.7. Let (X = {/ = 0}, 0) be a hypersurface simple K3 singularity defined 
by a nondegenerate quasi-homogeneous polynomial f = x 2 + y 3 + • • • , which is one of 
No. 10-14, 46-51 and 83 in Table 2.2 of [Yo]: 

(No. 10) f = x 2 + y 3 + z 12 + w 12 , 

(No. 11) f = x 2 + y 3 + z 10 + w 15 , 

(No. 12) f = x 2 + y 3 + z 9 + w 18 , 

(No. 13) f = x 2 + y 3 + z s + w 24 , 

(No. 14) f = x 2 + y 3 + z 7 + w 42 , 

(No. 46) f = x 2 + y 3 + z u + zw 12 , 

(No. 47) f = x 2 + y 3 + yz 7 + z 9 w 2 + w 14 , 

(No. 48) f = x 2 + y 3 + z 9 w + w w , 

(No. 49) f = x 2 + y 3 + z s w + w 21 , 

(No. 50) f = x 2 + y 3 + yz 5 + z 7 w 2 + w 30 , 

(No. 51) f = x 2 + y 3 + z 7 w + w 36 , 

(No. 83) f = x 2 + y 3 + yw 9 + z l0 w + z 2 w u , 
and let X be the versal deformation of (X, 0) . Then, 

{X G U C C N ; /i(X, 0) = /i(X A , 0), (X x , 0) G X} 
= {XeU CC N ; 1 = 5 m (X, 0) = 5 m (X x , 0) for allm>l, (X x , 0) G X}. 



3. Proof of Theorem 2.7 
We prepare the following Lemma prior to the proof of Theorem 2.7. 

Lemma 3.1. Let f be a nondegenerate quasi-homogeneous polynomial listed by 
Yonemura [Yo] which defines a simple K3 singularity, and f\ a versal deformation 
of f such that n(f\,0) < fi(f, 0). Under this original local coordinate system, if a' = 
(a[, • • • , a' 4 ) G Q>o 4 satisfies deg a ,(f\) = 1 then 1 < a[ + • ■ • + a' 4 . 

Proof. For any i=l,2,3,4, one of the following is satisfied: 

(a) Pi\p, 

(b) Pi\{p — Pj) for some j ^ i, 
namely, 

(a) z{ef (3/>2), 

(b) z\zj G / (3/ > 2) for some j ^ i. 

By assumptions, pa\ + qa<i + ra 3 + sa 4 < 1 for some Z\ p 'Z2 q 'z/ 'z 4 G f\, 

and pa[ + qa' 2 + ra' 3 + sa^ > 1 for all z\ p Z2 q z^ z^ G f\, 
so there exists i G {1, 2, 3, 4} such that ctj < a\ ■ ■ ■ © . 
So the defining polynomials / can be classified as below. 
Case 1. z\ Ef (31 > 2). 

Then loci = 1 < Ict'i, so we have on < a\. 
(1-1) z{, zjef (31, 3J > 2). 

Since Ja.j — 1 < Ja'j, we have «j < ot'y 
(1-I-i) 4, */, zf G / (3/, 3J, 3LT > 2). 
From Kak — 1 < i^a^, we have «& < o^. 
(1-I-i-a) (No.1-14) z{, zj, zjf, z{ G / (3/, 3J, 3K, 3L > 2). 

From La/ = 1 < La\, we have «/ < a[, so «i H — • + a^ < a[ H — • + a 4 by ©. 
(1-I-i-b) (No.15-51) 4, */, zf , z fc 4 G / (3/, 3J, 3X, 3L > 2). 

From ak + Lai = 1 < «& + -^ a !) we have a^ + a? + (L — 1) (a; — a[) < a' k + a[. 
If ai < a\ then a\ + • • • + a 4 < a[ + ■ ■ ■ + a' A by ©. 
If ct\ > a\ then 

ai + cij + «fc + ai < ai + «j + «fc + «« + (L — l)(o;; — aj) <a' i + a'j + a' fc + a\. 
(1-I-ii) 4, z/, zf z x G / (3/, 3J, 3K > 2). 

ttfc < o:' k or a^ < aj, and ak + ai + (K — \)(ak — a' k ) < a' k + a\. 



(1-I-ii-a) (No.78) z{, zj, zgz h z k z[ G f (37, 3J, 3K, 3L > 2). 
"A: + oti + (L - l){oci - a[) < a' k + a[. 

If ctfc < ot' k and cty < ccj then a± + • — \- a± < a/ 1 + • — V a' 4 by ©. 
If ctfc < a' fc and ai > a\ then 

(Xi + «j + ttfc + Oil < Oti + Oij + ttfc + CKj + (L — 1) (at/ — ttj) < O^ + Q!j- + a' k + CKj. 

If ojfc > ot' k and a/ < a\ then 

ctj + «j + a k + on < Oii + Oij + a>k + ai + (K — l)(ajt — a^) < a^ + a'j + a' k + a\. 
(1-I-ii-b) (No.52, 54-74, 76, 77, 79-83) 

4, z/, z* z,, z^f G f (37, 3J, 3K, 3L > 2). 
«j + a/ + (L — l)(oti — Oi[) < a'j + a\. The rest is similar to 1-I-ii-a . 
(1-I-iii) 4, z/, Zj z* G f (37, 3J, 3K > 2). 

Similarly, c*j + a fc + (7f — l)(«fc — a^) < c^ + a' k . 
(1-I-iii-a) (No.66, 67, 72, 75, 81, 82) 

4, z/, z jZ K, Zj zt G f (37, 3J, 3K, 3L > 2). 
Since there exists z£;zf G /, we have a& < a' k or «/ < a\. 
Moreover a,- + a/ + (L — l)(aj — aj) < ctj + aj by Zj-zf £ /■ 
So we have a\ + • • • + a^ < a[ + • • • + a' 4 similarly as in 1-I-ii-a. 
(1-I-iii-b) (No.53, 57, 58, 62-64, 66, 67, 69-72) 

4, z/, z jZ K, z t zt G f (37, 3J, 3K, 3L > 2). 
ctj + a/ + (L — l)(o!j — CKj) < a^ + aj. 
If Oik < «fc or c^ < aj then the rest is similar to 1-I-ii-a. 
If ojfc > Oi' k and a/ > Oi[ then 

ckj + otj + o>k + o>i < a>i + Oij + Qjfe + ai + (7f — l)(ajt — a' fc ) + (L — l)(aj — «[) 
< a • + c^- + a'j. + aj. 
(l-II) 4, z/z fe G / (37, 3J > 2). 

Oij < «j or afc < «' fc , and aj + a k + (J — l)(«j — «j) < «j + a^- 
(1-II-i) 4, z/z fe , zf ^ G / (37, 3J, 3K > 2). 

ttfc < a' fc or a; < a[, and a fc + on + (K — l)(afc — a! k ) < «' fc + «[. 
(1-II-i-a) (No.88, 90-93) 4, z/z fc , zf ^, ^4 G / (37, 3J, 37<", 3L > 2). 
Since there exists zjzf G /, we have aj < a'- or a^ < a\. 
Moreover a^ + ai + (L — l)(a; — aj) < a' fc + a\ by ^4 e /■ 
If aj < a'j, au < «' fc and a^ < aj, then the assertion holds true. 



If otj < a'j, ak < Oi' k and ai> a[, then 

(Xi + «j + «fc + a>i < a>i + Oij + a>k + a>i + (L — l)(cfy — «9 < a\ + «' + a' fc + ccj. 

The assertion holds true similarly for both the case of aj < a'j, a k > a' k , 

ai < a[, and the case of aj > a'j, ak < a' k , ai < a\. 
(1-II-i-b) (No.86-88, 92) z\, zj ' z k , z£z h ZjZ^ G f (31, 33, 3K, 3L > 2). 

aj < a'j or ai < a\, and olj + on + (L — l)(cci — a\) < a'j + a[. 

The rest is similar to 1-II-i-a. 
(1-II-i-c) (No.84-89) z\, zjz k , z% z h z % z\ G / (3/, 3J, 3K, 3L > 2). 

at + ai + (L - l)(ai - a[) < a\ + a[. 

When ak < a' k , the rest is similar to 1-I-iii-b. 

If ak > a' k then aj < a'j and on < a[, so 

ctj + aj + ak + ai < a i + «j + ak + a\ + (i^ — 1) («& — a' k ) < c^ + a'- + a^ + aj. 
;i-II-ii) z{, z J jZk , z 3 z^ G f (31, 3J, 3K > 2). 

oij + a k + (K - l)(a k - a' k ) < a'j + a' k . 
(1-II-ii-a) (No.89) 4, zjzk, ZjZ%, z^ G / (3/, 33, 3K, 3L > 2). 

ai + a\ + (L - l)(ai - a[) < a\ + a[. 

For the case ai < a[, the assertion holds true. 

If ai > a\ then 

«j + aj + ak + ai < ai + aj + ak + cty + (L — l)(ai — a[) 

{ai + aj + a k + ai + (J - l)(«j - a'j) + (L - l)(ai - a[) (if aj > a'j) 
ai + aj + a k + ai + (K - l)(a k - a' k ) + (L - l)(a t - a[) (if a k > a' k ) 
< a • + a'j + a' k + a\. 

;i-II-iii) z{, zjzk, ZiZ* G / (3/, 3J, 3K > 2). 

ai + a k + (K - l)(a k - a' k ) < a\ + c^. 
(1-II-iii-a) (No.89) z{, z J jZ k , Zizjj , z k z\; G / (3/, 33, 3K, 3L > 2). 

ak < «fc or c^ < a^> and a fe + a; + (L — l)(ai — a[) < a' k + a\. 

Moreover aj < a'j or a\ < a\ since there exists z^zf G /. 

So «! + •■• + « 4 < a'j + •■• + a^ similarly as 1-II-i-a. 
(1-II-iii-b) (No.85, 87, 89) z\, zjz k , z t z^ , Ziz\ G / (3/, 33, 3K, 3L > 2). 

Since there exists z k zf G /, we have ak < a' k or a\ < a\. 

Moreover ai + a\ + (L — \)(a\ — a[) < a[ + a\ by Zjzf G /. 

When ctfc < a' k , the rest is similar to 1-I-iii-b. 



If a k > a' k then «j < a'j and a; < a\, so 

ctj + otj + a>k + a>i < o.i + q;j + a^ + a/ + (K — 1) (a^ — a^) < a^ + a'- + a^ + c^. 
Case 2. z/^- G / (37 > 2). 

ckj < a\ or «j < a^-, and oii + a, + (I — l)(a« — aQ < a\ + c^-. 
(2-1) ^-, z/* fc e/ (31, 3J>2). 

aj < a'j or «& < a' k , and «j + «& + ( J — l)(oij — a'j) < o^- + c>4- 
(2-I-i) 4^-, z/z fc , z*z, G / (3J, 3J, 3K > 2). 

ttfc < a' fc or oli < a\, and a k + «/ + (X — l)(«fe — c*4) < a' k + c^. 
(2-I-i-a) (No.94, 95) z\zj, zj z k , z£z h z k z{ G f (31, 3J, 3K, 3L > 2). 
oik + on + (L - l)(oci - a[) < a' k + a[. 
Since there exists z^zf G /, we have olj < a'j or a\ < a\. 
If on < a' { then the rest is similar to 1-II-i-a. 
If (Xi > ^ then olj < a'j and so 
(Xi + oij + a k + on < cti + ®j + a k + ai + (I — l)(a, — a-) 

{cti + «j + a k + ai + (I - l)(a, - «•) + (K" - l)(a: fe - a^) (if a* > a^) 
a, + oij + a k + ai + (I - l)(«j - a-) + (L - l)(cty - a[) (if a; > aj) 
< a • + c^- + a' k + «;'• 
(2-I-i-b) (No.94, 95) zjzj, zjz k , zgz h Zjzf 1 G / (31, 3J, 3K, 3L > 2). 
oij < a'j or ai < a\, and oij + ai + (L — l)(ai — a[) < a'j + a[. 
Since there exists zfzf G /, we have ctj < c^ or «/ < c^. 
If «j < c^ then the rest is similar to 1-II-i-a. 
If aij > c^ then aj < c^- and ai< a\, and so 

cti + oij + a k + ai < ai + oij + a k + ai + (I - l)(«j - a-) + (K" - l)(«fe - a' k ) 
< a[ + a^- + c*4 + aj for the case of a k > a' k . 

(2-I-i-c) (No.94, 95) zjzj, zjz k , zffz h z iZ f G / (31, 3J, 3K, 3L > 2). 
Oii < Oi[ or oii < «[) an d CKi + on + (-£ — l)(ai — a' t ) < a[ + aj. 
If ctj < a' { and «j < a'- then the assertion holds true. 
If oii < a^ and aj > a' then a^ < a' k , so the rest is similar to 1-I-iii-b. 
If ai > a\ and oij < a' then a^ < a\, so the rest is similar to 1-I-iii-b. 
(2-II) z\zj, Zizjef (31, 3J>2). 

ai + aj + (J — I) (oij — a'j) < a • + a^-. 
(2-II-i) z\zj, z iZ J j, z^zi G / (3/, 3J, 3K > 2). 



ttfe < Oi' k or a; < a\, and «& + ol\ + (if — l)(ajt — a' k ) < a' k + a[. 
(2-II-i-a) 4^-, ^/, zf z h z k z{ G / (31, 33, 3K, 3L > 2). 
a k + ai + (L - l)(ai - a[) < a' k + a\. 



(Xi + (Xj + ak + an 

ai^ h oci + (I — l)(oti — a-) 

<< 



(if ai > a'j) 



< < 



a, + • • • + ai + (L — l)(a L — a[) (if a\ > a[) 

ai H \- ai + (I - l)(ai - a-) + (if - l)(«fe - c>4) (a» > a-, a k > a' k ) 

a, H h a; + (i - l)(a, - a-) + (L — l)(a/ - a[) (ai > a\, ai > a[) 

ai-\ h ai + ( J - l)(a,- - a'j) + (K - l)(a k - a' k ) (a,- > a'j, a k > a' k ) 

ai + • • • + ai + ( J — l)(aj — a'j) + (L — l)(ai — a[) (aj > a'j, a\ > a[) 
< a ■ + a'j + a' k + aj. 

(2-II-ii) 4^-, ^/, ^f G f (31, 3J, 3K > 2). 

aj < a', or a k < a' k , and aj + a k + (K — l)(o;fc — a' k ) < a'j + a' k . 



(2-II-ii-a) 



Z i Z ji Z i Z j i Z j 



z«, zjz? G f (31, 3J, 3K, 3L > 2). 



aj < a'j or ai < a\, and aj + a\ + (L — l)(ai — a[) < a'j + a[. 
(2-II-ii-b) (No.94, 95) z\zj, ZiZJ , Zjzjf, z^ G f (31, 3J, 3K, 3L > 2). 
a i < ol\ or ai < a\, and a, L + a% + (L — l)(ai — a[) < a[ + a\. 
Since there exists z\z k G /, we have a^ < a^ or a fe < a' k . 
Since there exists ZjZf G /, we have aj < a'j or «/ < a\. 
If a; < a\ then the rest is similar to 1-II-i-a. 
If a\ > a\ then ai < a\ and aj < a'j, so the rest is similar to 2-I-i-b. 



Q.E.D. 



Lemma 3.2. Let f = a(x,y,z)x 2 + j3(y,z)y 3 + 4>(z)y 2 + (p(z)y + ip(z) G C[x,y,z] 
define an isolated singularity at the origin G C 3 ; which satisfies one of the following: 

(1) P(y, z) = Pq + higher terms, ^ ft 6 C, ordcf) = 1, and 
A)2/ 3 + (po( z )y 2 + ¥o( z )y + V'o(^) ^ as no ^p/e factor, 

(1') j3 = or ordj3 > 1, and ord<p = 1, 

(2) f3(y, z) = (3q + higher terms, ^ ft G C, ordip < 3 or ordip < 5 ; and 
fty 3 + (po(z)y 2 + (fo(z)y + V'o(z) ^« s wo inp/e factor, 



where orda = 0, and <f>o, ipo, ipo are the initial parts of 0, if, ip, respectively. Then 
(f, 0) is rational. 

Proof. We may assume that a(x,y,z) — 1, (3q — 1. 

(1) If ord(f < 1 or ord-0 < 2 then the assertion holds true. So we may assume 

ord(f > 2 and ord-0 > 3. Let /o be the initial part of / with respect to the weight 

a = (1/2, p, q), where a satisfies the conitions 

1 ^ 1-q 1 / 1 + q 

— < p — — - — < - < p + q 



3- 1 2 2 L J V 2 

deg a (y?(%), deg a *p(z) > 1, and deg a (f (z)y) or deg a ^(2;) = 1. 

(There exists such weight a because 

1 — o 1 1 — o „ 1 1 . 

* > -, + Nq > 1 for TV > 2, - > q > 



2 -3 2 * ~ -'3-*-2N-l / 

If fo — x 2 G C[y, 2] has no double factor, then (/o, 0) is an isolated singularity, so (/o, 0) 
is rational. So {/o = 0} C C 3 has only rational singularities around the origin G C 3 . 
Therefore (/, 0) is also rational from 2.4 and 2.5, because — \- p + q > 1. 
If /o — x 2 has a double factor, namely, 

/ = x 2 + (y + 1\z) 2 {y + 72-2) + higher terms, 71 7^ 72, 
then taking the coordinate changes Y := y + 712 and 2' := (72 — 71)2, thus 

/ = X 2 + ^ ^/)y3 + (f/^Y 2 + ¥/(^)y + V'(0, 

for some (3' G C[F, z'], 0', <//, '0' £ C|V] with /?' = 1 + higher terms, (j)' — z' + 

higher terms, 2 = ordy? < ord<//, 3 = ord-0 < ordip'. Let <£>(,, -0q be the initial parts 

of if' , -0', respectively. We replace the weight a = (1/2, p, q) with a' = (1/2, p', q'), 

which satisfies: 

1 , 1 - q' 1 , , / 1 + q' 

p < p = — - — < - < p + q 



3 r l 2 2 L J V 2 

deg Q ,(^(/)y), deg a , ^V) > 1, and deg Q ,(^V)*1 or deg a , ^\z') = 1. 
(There exists such weight a' because 

I - </ > 1 1-tf + Nq/ > 1 ioiN>2 ,- >q '> ' 



2 3 2 ' * ~ 3 ^ ~ 27V- 1 ' 

If F V + Yip' (z') + Vo(^) = (Y + g(z')) 2 z' for some g G C[^] (ord(ff) > 1), 
then taking the coordinate change Y' := Y + g(z'), thus 

/ = x 2 + p H ( Y ', z')Y' 3 + <j)"(z')Y' 2 + if"(z')Y' + V'V), 
for some (3" G C[YV], 0", iff', ip" G C[z'] with (3" = 1 + higher terms, 0" 



z' + higher terms, ord<^' < ordy?", ord^' < ord^". Let tp'^, ip^ be the initial parts of 
tp", ip", respectively. If 

Y' 2 z' + FVo(^) + V>oV) = (Y' + g\z')fz' 

for some g' G C[z'] (1 < ord(g') < ord(g')), then taking the coordinate change 
Y" :—Y' + g'(z'), If this procedure continues infinitely, then 

"1 1 \Yl ) "1 

- = p < p> < • . . < p W = ~ g <...<_< p (") + gW, 

- = q > q' > ■ ■ ■ > g (n) > • • • > 0, 

dime C{z'} J (>>, ^) < „(/, 0) "=±?> +oo, 

a contradiction. Therefore (/, 0) is rational by 2.4 and 2.5. 

(1') We may assume (j) = z + higher terms, ordip > 2 and ordip > 3. Let /o be the 

initial part of / with respect to the weight a = (1/2, p, q), where a satisfies: 

1 ^ 1-q 1 / 1 + q 

- < p — — - — < - < p + q 



3 ~ r 2 2 r " V 2 

deg a ((^(^)y), deg a ^(^) > 1, and deg a (<p(z)y) or deg Q ^(^) = 1- 

If fo — x 2 E C[y, z] has no double factor, then (/ , 0) is rational similarly as in (1). 
If /o — x 2 has a double factor, namely, 

y 2 z + y(p (z) + ipo(z) = (y + g{z)) 2 z for some g e C[z] (ord(g) > 1), 
(where tpo, ipo are the initial parts of (p, ip, respectively) then taking the coordinate 
change Y := y + g(z), thus 

\x 2 + <f ) {z)Y 2 + p'{z)Y + iP'{z), (/3 = 0) 

)x 2 + P'(Y, z)Y 3 + (j)'(z)Y 2 + ^(*)y + ^'O 2 ), ( ord /3 > 1) 

for some /3' G C[Y,z], 0', <//, ^' G C[z] with 1 < ord/3', <f>' — z + higher terms, 2 < 

ord(p < ordip', 3 < ovdijj < ordip'. We replace the weight a = (1/2, p, q) with 

a' = (1/2, p', q'), which satisfies the conitions 

- < p < p = < - < p + q 



3 ~ 2 2 L J V 2 

deg Q ,(<//(z)y), dega'^'W > 1, and deg Q ,(<//(2)y) or deg a , ip'(z) = 1. 

If this procedure continues infinitely, then /x(/, 0) — > +oo, a contradiction. 

(2) Let /o be the initial part of / with respect to the weight a = (1/2, 1/3, q). 

If fo — x 2 E C[y, z] has no double factor, then (/ , 0) is an isolated singularity, and so 



(/o, 0) is rational for the case of ordy? < 3 or oidip < 5. Therefore (/, 0) is also rational 

from 2.4 and 2.5, because — I h q > 1 for q > -. 

2 3 y H 6 

So consider the case of / = x 2 + (y + ^z) 2 ^ + 72-2) + higher terms, 71 7^ 72. 

Then the situation is similar to (1). Q.E.D. 



Example 3.3. (See Theorem 2.7.) 

/ = a; 2 + 2/ 3 + z 9 + u ,i8 ) (No. 12) 

fx = x 2 + y 3 + (-f c 2 30 (z + -fiw) 4 (z - 2 llW ) 2 + ¥>(«, w))y 
+ (z + 7iw) 6 (z - 27!w) 3 + ip(z, w), 
where — ^c 3 = 1, ordy? > 7, ordV' > 10, tp(z,w) 3 w 18 (Case 10-b). 
Taking the coordinate change Y :— y + §c 30 (<2 + 7ity) 2 (z — 2jiw), we have 

f x = x 2 + F 3 _ | C3o( ^ + 7iw)2 ^ _ 2llW )Y 2 + ^(z, w )y 



c 3 o(^ + liw) 2 (z - 2'j 1 w)(p(z, w) + ip(z, w), 



and then z' := z + 71 w, 

f x = x 2 + Y 3 - |c 3 o(^ 3 - 3 7 i« /2 iw)y 2 + <p'(z', w)Y + VV, w) 
for some <//, ■*/>' £ C|V, iu], ordy?' > 7, ordV'' > 10. 

Let a' := (1/2, 1/3, 1/8, 1/12), a" := (1/2, 17/50, 3/25, 2/25), c 21 := -37ic 30 , and 

/ _ Q/qJ -v' 2 „,, 1 «/ „„4W „,,4 1 *=fS' rF>' — rJ -vU.,7 



iff = -3(3c' 21 z' 2 w + c' 04 w 4 )c' 04 w 4 + $', $(; 



c 17 rw 



^ = (-fc 21 ^ 2 w - 2c' m w%c' m w 4 ) 2 + *', ^ = 4,/V + c ; n ^ n , 
where $(,, ^g are the initial parts of $', ^' with respect to the weight a'. Then 

f x = x 2 + y 3 - §(c3o/ 3 + c 21 2 /2 w)y 2 + (-3(3c' 21 A + c 04 w 4 )c 04W 4 + $') (z', w)Y 
+ ((-lc' 21 z' 2 w - 2c' 04 w 4 )(c' 04 w 4 ) 2 + *')(*» 
= x 2 + (Y + c' 04 w 4 ) 2 (Y - \c' 2l z' 2 w - 2c' m w A ) 

-§c 30 2' 3 y 2 + &(z', w)Y + #'(*', iw) (Case II- A-II'-ii-i) . 

Taking the coordinate change y' := y + c 04 w 4 , we have 

/a = x 2 + r 3 - (|c 3 o^ 3 + \c' 21 z ,2 w + 3c^ 4 )y /2 

+(9c 30 c^ , V + $'(z', w))y' - fcaoc'^'V - c' M w 4 &(z', w) + *'(*', «;), 
/ = x 2 - (|c 21 ^ 2 W + 3c' 04W 4 )y /2 - f c 30 c' 2 4 z' V - c^w^'oCy, «;) + *' (^, «;). 
Then (/„, 0) is an isolated singularity or Case II-A-I, and 1/2 + 17/50 + 3/25 + 2/25 > 1, 
so {/o — 0} — {0} C C 4 has at most rational singularities around the origin G C 4 . 

Remark 3.4. We will take the following arguments to show Theorem 2.7. 



Taking suitable local coordinate changes finitely, if necessary, we have a three- 
dimensional face A of T(f\) such that (1,1,1,1) lies strictly above the hyperplane 
including A, that Sing(/ ) : = Sing({/ = 0}) = (J Cj with dime Cj < 1, and that 
(/„, P) ■ = ({/„ = 0}, P) is rational for any P E Cj C Sing(/ ) with P ^ and 6 Cj, 
where f := /aa = XLeA a v zV c f\. Therefore {/ = 0} — {0} has at most rational 
singularities around 0, and so (f\, 0) is rational. 

More precisely, any three-dimensional face A = {(X, Y, Z, W) E R>o 4 ; \X + (3Y + 
1 Z + SW = 1, < X < 2, j < Y < f, k < Z < h>, I < W < I'} of r(/ A ) satisfies 
1 < | + /9 + 7 + 5 under the original local coordinates from Lemma 3.1. Choose a three- 
dimensional face A oiT(fx) suitably and let f := /a A = X^eA a ^ c f>~ := XL o, v z v . 

Case (0). (/o,0) is an isolated singularity. 

Then (/ , 0) is rational and so {/o = 0} C C 4 has only rational singularities around 
the origin E C 4 . 

Case (I). Sing(/o) = (J ■ Cj, dime Cj < 1 for all j. 

Since / is quasi-homogeneous, we have Sing(Cj) = {0}. If an arbitrary point 
P E Cj — {0} is rational on {/ = 0} for each irreducible curve Cj with E Cj, then 
{/o — 0} — {0} has at most rational singularities around 0. Rationality of P is shown 
by using the following fact: 

if there exists an hyperplane cut (H, P) C ({/o = 0}, P) which is rational 
and Gorenstein, then ({/o = 0}, P) is also rational and Gorenstein. 

When we can not tell whether P is rational or not, take suitable local coordinate 
change and repeat the same procedure as above. The condition 1 < ^+P^+'j <yn ^ + 5^ n ' ) 
is still satisfied for a certain A^ n ^ after each coordinate change. This procedure must 
finish in finite times from the assumption /i(f\, 0) < n(f, 0). 

Case (II). Sing(/o) = {J ■ Cj, dime Cj = 2 for some j. 

After suitable local coordinate change, choose another three-dimensional face A of 
r(/ A ) properly, and let /„ :=f XA = E^eA ^- 

(II-lW). Sing(/ ) = U, Cj, dime Cj < 1 for all j. 
Then the proof is completed similarly as in (I). 



(II-IIW). Smg(f )=\J j C j , dim c C,= 2 for some j. 

After suitable local coordinates change, the condition 1 < | + j3' + 7' + 5' is still 
satisfied for a certain face A' = {(X, Y, Z, W) ; \X + (3'Y + iZ + <JW = 1} of r(/ A ). 
Choose such three-dimensional face A' properly; if Case (1^) then the assertion is 
concluded. If Case (11^) again, take suitable coordinate change once more. This 
procedure must finish in finite times from the assumption fi(f\, 0) < //(/, 0). 

Proof of Theorem 2. 7. 

If there exists y^z k w l G f\ such that j + k + I < 2 then (f\, 0) is at most rational. 
So we may assume j + k + I > 3 for all y^z k w l G f\. 

Let A := {(&,/) ; z k w l G /a}U{|(M) \yz k w l G / A } and let T be the union of the 
compact faces of the convex hull of U^ga^ + R>o 2 ) i n R- 2 - For any one-dimensional 
face A = {(Z,W) ; ^Z+SW = 1 , h < Z < k , l < W < h} of T, we get 7+8 > 1/6 
from Lemma 3.1. Choose such A satisfies k\ < 6 and Z < 6. (See Figure 1.) Then, 

fx = X 2 + y 3 + E 7 fc+5/>2/3 hiyZ k W l + E 7 fc+5/>l C ki Z k w\ 

f = x 2 + y 3 + E 7fc +5/=2/3 hiyz k w l + E 7fc +5/=i c kiz k w l 
with respect to the weight a := (1/2, 1/3,7,5). 



W 




1 

7 



Figure 1. 



Case I. h := fo — x 2 <E C[y, z, w] has no double factor. 



dh 

Since h and — — have no common factor, dim c Sing(/ ) < 1. Let C 7 - C Sing(/ ) be an 
dy 

irreducible curve with G Cj. If Cj 3 P = (0, a, b, c) 7^ (0, 0, 0, 0) then b 7^ or c 7^ 0. 
Let P 7^ be an arbitrary point on Cj. 



(I-A). Cj3P= (0, a(£), &(£), t) ; t^ 0. 

Since /o is quasi- homogeneous, we have o(t) = a't 1 / 35 , &(£) = o'i 7 /' 5 for some a', &' G C. 

Let r] := y — a, ( := z — b, and /o(u> — := /oC^j ^ + °> C + b, 0- 

Then f (w = t) — x 2 = rf + 3ar^ 2 + • • • G C[r/, (} has no double factor. 

(In fact, if f (w = t) - x 2 = (rj + ^(Qfijl + ^(0) then 

fo(w = t) — x 2 = rf + 3ar^ 2 — 3(p(ip — 2a)i] — (p 2 (2ip — 3a) 

= y 3 - 3(<p(z - b(t)) - a(t)) 2 y - 2(<p(z - b(t)) - a(t)) 3 , 
f -x 2 = {y + <p(z - b{w)) - a{w)) 2 {y - 2 V {z - b(w)) + 2a{w)) 

= y 3 - 3((p(z - b(w)) - a(w)fy - 2(ip(z - b(w)) - a{w)) 3 . 

It follows that (p(z — b(w)) — a(w) G C[z, w] from cp(z — b(w)) — a(w) G C[z,w li/S ], 
(tp(z - b(w)) - a(w)) 2 , (tp(z - b(w)) - a(w)) 3 G C[z, w].) 

Therefore (fo(w = t), (0,0,0)) is an isolated singularity under the local coordinate 
system (x, 77, (). 

If a 7^ then (fo(x, y, z, t), (0, a, 6)) is rational, so (/o, (0, a, 6, £)) is rational. 
If a = then v = y, f (w = t)=x 2 + y 3 + Yl hiy(C + b) k t l + £ c«(C + b)H l . 
If 6 = then ( = z, f (w — t) = x 2 + y 3 + Yl<bkiyz k t l + Y^ c kiz k t l . By Lemma 3.2, 
(f (x,y,z,t), (0,0,0)) is rational, so (/ , (0, 0,0, t)) is rational. 
So we consider the case b 7^ 0. 

If there exists i < 5 such that C G fo(w — t) or j < 3 such that y^- 7 £ fo(w = i), 
then (/o(w = t), (0, 0, 0)) is rational under the local coordinate system (x, y, (). So we 
assume the coefficient of ( l is for alii < 5 and the coefficient of y(i is for all j < 3. 
Furthermore we may assume 7 > S. ( Indeed, if 7 < S we consider /o(x, y, s, w) instead 

of f (x,y,z,t).) Thus 6 = b(t) is written as 6(t) = b't m , m := q/p = 7/0" > 1, p, q G 

\ d i f 

N, (p, o) = 1- Since the coefficient of C* is T7T^-(0, 0, 6, t) and the coefficient of y(i 

1 d^ +1 f 
is T o /r, x ■ (0; 0) b,i), it follows that: 
j\dy{dzy 

the coefficient of C* i n fo( w — t) is 



and 



=> / (0, 0, z, t) = (z- b) i+1 V (z, t), for some <p(z, t) G C[z, t m ] 

=>- /o(0, 0, z,w) — (z — b'w m Y +1 ip(z,w), for some ip(z,w) G C[z, w m ], 

the coefficient of y^ in f (w — t) is 



^^^(0,0,z,t) = (z-frV'+VOM), for some ^(z,t) GCkfl 

oy 

^^ -Ao,0, *,iy) = (^-oV^V+VO^w), for some ^(z,iu) GC[z,w1. 

The number m = 7/5 is a integer by the assumptions. 

df 

( fn fact, if p 7^ 1 then /o(0, 0, 2, u>) and -^— (0, 0, 2, iu) are written as 

oy 

f o (0,0,z,w) = (z-b'w m ) 6 ^{z,w) = {z p -b"w q fp'{z,w), b" G C, (p'(z,w) G C[z,w], 
^(0, 0, z, w) = (z- b'w m ) A tlj(z, w) = (z p - b'"w q )^\z, w), 

b'" eC, i>'(z,w) eC[z,w], 

ill ill.. 

respectively. Since 2 < p < q, we have 1 < — and \- — < — . This is a 

op 6q 6 4p Aq 4 

contradiction to the condition 7 + 5 > 1/6.) 

Let *' := z - b'w m , A' := {{k, I) ; z' k w l G / A } U{§(^ 5 V^w 1 G f x }, and let V be 
the union of the compact faces of the convex hull of {J ue ^(^ + R->o 2 ) i n R- 2 - Then: 

Claim 3.5. For any one-dimensional face A' = {7'Z + S'W — 1, &i < Z < &(,, Zq < 
IF < Z^} of r", the condition 7' + 5' > 1/6 is satisfied. 

A proof of this claim is found at the end of this paper. 



There exists k\ < i < k such that % = max{i' G N ; (z — b'w" 1 ) 1 |/o(0, 0,z, w)} 
or |/c! < j < |/c such that j = max < j' G N ; (2; — b'w m y — — (0, 0, z,w) >. Choose 

A' such that k' < min{i, |j}, k[ < 6 and Z(, < 6. Then k' < ko, Z < 1' , and 

1 7' 
1 < — < — . Let /o be the initial part of / G C[x,y,z',w] with respect to the weight 
00 

(1/2, 1/3,7', 5'). If h := f — x 2 <E C[y,z',w] has a double factor, then Case (II-A). 
Now we assume h has no double factor. If k' < 6 then < 
we assume k' > 6. Repeating same argument as above, 



Now we assume h has no double factor. If k' < 6 then our assertion is concluded. So 



2" ;= 2' - 6" w m ', ■ ■ ■ , Z W ■= z (™-!) - b^w m(n 1} , 



h>k' Q >k'l>--->k { v ) >-- 

-y V V <-y( ra ) 
1 < - < — < — <■••< 

- 8 S> S" «5W 

I < 7 W + £(n) for all n G N. 



(n) 



(See FIGURE 2.) If there exists n G N such that k Q < 6, then this proof is 



n G N. If kn > 6 for all n G N then — rT - < ^ , and so this procedure 



(n) 7 (n) 

completed. So consider the case k$ > 6 for all n G N. Then — -y G N for all 

, > -Y (ra) /i n) - 6 
-W ^ a f™~ oil ^ c m +u™ 1 < __o 

must finish in finite times (See Figure 3). Thus assume there exists n G N such 
that 6 = kg = fcg = kg — • • • . If this procedure continues infinitely then 
n(fx,0) ^> 1 , a contradiction. This completes Case (I- A). 



(k'{, i'[) 




(fco,fo) 

Figure 2. 

(I-B). Cj3 P= (0, o(s), s, c(s)) ; s ^ 0. 

Let r] := y — a, u := w — c, and /o(z = s) := fo{x,r) + a,s,u + c). Then 
fo(z = s) — x 2 G 0(77,0;] has no double factor. Ifa^0ora = c = then 
(fo(x,y,s,w), (0, a, c)) is rational, so (/o, (0, a, s,c)) is rational similarly as in Case 
(I-A). Thus we assume a = 0, c^0. If 7 > <5 then our argument can be reduced to the 
case a = 0, b 7^ and 7 > <5 of Case (I-A). So it is sufficient to consider the case 7 < 5. 
Furthermore we may assume that the coefficient of to 1 in f (z = s) is for all i < 5 
and the coefficient of yu^ in fo(z = s) is for all j < 3. Thus c = c(s) is written as 
c(s) = c's m , d G C, m = 5/7 > 1, m G N. Therefore Z x < 6 for No. 11-14, 46-51 and 
h < 6 for No.10, 83. (Because 2 12 G / for No.10, 2 10 G / for No.ll, ^ 9 G / for No.12, 
^ 8 G / for No.13, z 7 G / for No. 14, 2 11 G / for No.46, y^ 7 G / for No.47, ^ 9 w G / 
for No.48, z 8 w G / for No.49, z 7 w 2 G / for No.50, ^ 7 w G / for No. 51, ,2 10 -U7 G / for 



w 




(n) ,(n)> 






Figure 3. 



No. 83.) Thus it is sufficient to consider the case (ki,li) = (0,6) of No. 10 and 83. Let 



w ' ■= w - c 'z m , A' := {(A;,/) ;zV G /\}LK§(M) 5J/*V 6 /a}, and let F be the 
union of the compact faces of the convex hull of IXgA'^ + R>o 2 ) i n R 2 - Then for 
any one-dimensional face A' = {i Z + S'W = 1, k[ < Z < k' , 1' < W < l[} of F, 

re/ 

7' + 5' > 1/6 and 1 < — < — are satisfied. Repeating same argument as in Case (I-A), 

7 7' 



w 



I II m 1 

w — c z 



> 1 

(n) 



w (n) ._ ^ 



(n-1) _ „(n) mX™- 1 ) 



r'2 



*1 > *i >*!>•••> * i > • • • , 

5 5' 5" 5 {n) 

!<-< — < — <•••< -rr < 



0/ o/' ,-y" 



7 



(n) 



I < 7 W + £(n) for all n G N. 

If there exists n E N such that /} < 6 then the assertion holds true. If /} = 6 for all 
jiGN then this procedure continues infinitely, therefore //(/a, 0) 3> 1, a contradiction. 
This completes Case (I). 



For convenience, we write -2,7,5, instead of z^ n \^ n \8^ n \ etc. 



Case II. h := fo — x 2 & C[y, z, w] has a double factor. 

/„ = x 2 + y 3 - fg{z, wfy - %g(z, wf = x 2 + (y + \g{z, w)f(y - 3g(z, w)). 
Let Y := y + \g(z, w), then f and f\ are written as: 



fo = x 2 + Y 3 -l,g(z,w)Y 2 , 

fx = x 2 + Y 3 - \g(z, w)Y 2 + tp(z, w)Y + if>(z, w), 
for some ip(z,w), if)(z,w) G C[z,u>] with ip ^ or ip ^ 0, ip = or deg a ip > 2/3, 
■0 = or deg a ip > 1. 



(II-A). When 7 > 5, g(z,w) can be classified into ten cases as below: 



C W Z + Col™ , 



,L+1 



2) g = c n zw + c 0{L+1) w L 

3) 5" = c 2 o-2 2 + c lw l , 3 < L, L is odd, 
4-a) 5 = c 20 (^ + 7i« ;L )(^ + 72W L ), 717^72, 
4-b) ^ = c 20 (^ + 7iW L ) 2 ! 

5) 5 = c 21 z 2 w + c (l + i)W L+1 , 3 < L, L is odd, 
6-a) # = c 2 i(z + 7iw L )(z + 7 2 w L )w, 717^72, 
6-b) g = Ci\{z + 7iW L ) 2 w, 
7) 5 = c 30 2; 3 + c 04 w 4 , 



(8) 5 = c 30 z 3 + C13ZW 3 , 

(9) 5 = c 30^ 3 + c 05 w 5 , 

10-a) g = c 30 (z + 'j 1 w)(z + 'j2w)(z + 'j 3 w), ^ ^ ^ for i ^ j, 
10-b) # = c 30 (2; + 7iw) 2 (2; + 7 2 w), 717^72, 
'10-c) g = c 30 (z + 7i^) 3 . 

After the local coordinate change z' := z + , ~fiw L (L = 1 for (10)) around 0, 

(4-a) g = c 20 z' 2 + c' 1L z'w L , 

(4-b) 5 = c 20 2 /2 , 

(6-a) g = c 21 z' 2 w + c' 1(L+1) 2:'u> L+1 , 

(6-b) g = c 2 \z' w, 

^10-a) g = czqz' + c' 21 z' w + c' 12 z'w 2 , 

'10-b) g = czqz' + c' 21 z' w, 

'10-c) g = c 30 z' 3 . 
(See Figure 4.) 

Let A' := {(k,l) ;z' k w l G /a}(J{|(M) ;*VV e / A }U{3(M) ; F W G /,}, and 
let r" be the union of the compact faces of the convex hull of Ui/eA'C^ + R>o 2 ) i n R 2 - 
Then for any one-dimensional face A' = {^'Z + S'W = 1 , k[ < Z < k' , 1' < W < l[} 



w 




12 3 4 



Figure 4. 

of r", the condition 7' + 5' > 1/6 is satisfied. (In fact, No. 11, 13, 14 and 49-51 can not 
become Case (10). About Case (10-c) which comes from No. 10, 12, 46-48 or 83, the 
condition 7' + 5' > 1/6 is satisfied as in Claim 3.5.) 



First we consider Case (1), (2), (3), (4-a), (5), (6-a), (7), (8), (9) and (10-a). 

We replace the weight a = (1/2, 1/3, 7, 5) with a' = (1/2, /3', 7', 5') which satisfies the 

conditions 

I = /?</?'<I</?' + 7 ' + <>', 1 >/8> = 1 /8, 

deg a ,(g(z,w)Y 2 ) = 1, deg a , (cp(z,w)Y), deg a , i/)(z,w) > 1, and 

^ a '(vi.z,w)Y) or deg a , ip(z,w) = 1, 

and let /o be the initial part of f\. (There exists such weight a' because 
P' + i + S' = f3' + (7 + 6)(1 - 2/30/(1 - 2/3) > \ and 
deg a ,(g(z, w)Y 2 ) = 2(3' + deg a g(z,w)(l - 2/30/(1 - 2/3) = 1 

for all /3, 7, 5, /3', 7', <5' satisfying 



/3, /3' < \ < (5 + 7 + 5 and y/ 7 = S'/S = (1 - 2/30/(1 - 2/3).) 



Then 



fo = x 2 - lg(z, w)Y 2 + p (z, w)Y + ip (z, w), 
fx = x 2 + Y 3 - lg(z, w)Y 2 + ip(z, w)Y + if>(z, w), 



where ipo (resp. ^o) is either or the initial part of if (resp. ip). 

(II-A-I). h := fo — x 2 G C[y, z, w] has no double factor. 

Let Cj C Sing(/o) be an irreducible curve with G Cj, and P = (0, a, b, c) ^ an 

arbitrary point on Cj. 

(II-A-I-i). Cj 3 P = (0, a(t), b(t),t) ; t ^ 0. 

Then, a(t) = a'^'/ 5 ', 6(t) = &'£ 7 ' /5 ' for some a', b' G C. 

Let r/ := Y — a, ( := z — b, and f (w = t) := fo(x, i] + a,( + b,t), then 

/ (u, = t) = x 2 - §<?(C + b, t) (rj + a) 2 + y9 (C + b, t) (77 + a) + Vo(C + 6, 
= x 2 - §<?(C + b, t) V 2 + {-9ag{( + b,t) + y?o(C + b, t)) V 
-fa 2 s(C + b,t) + aipo(( + b,t) + M( + M)- 
Then both g(( + b,t) G C[£] and /o( w — t) — x 2 G C[?7, C] have no double factor. 
Therefore (fo(w = t), (0, 0, 0)) is an isolated singularity under the coordinates (x, 77, (). 
If g(b, t) ^ then ?? 2 G / (iu = £)■ Otherwise, ( G #(( + 6, £), so ?y 2 C G /o(w = *)■ 
Hence (fo(w = t), (0, 0, 0)) is rational under the coordinates (x, rj, () by Lemma 3.2. 

(II- A-I-ii) . Cj3 P= (0, a(s), s, 0) ; s ^ 0. 
Let rj := Y — a, then 

/o(2 = s) =x 2 - ^g(s,w)(rj + a) 2 + if (s,w)(r] + a) +^o(s,w) 
= x 2 - §g(s, w)rf + (-9ag(s, w) + ip (s, w))rj 
~a 2 g(s, w) + aip (s, w) + if> (s, w). 
(fo(z = s), (0,0,0)) is an isolated singularity under the coordinates (x,r),w) because 
h := f (z = s) — x 2 G C[rj, w] has no double factor. We have rf G fo(z = s) for (1), 
(3), (4-a), (7), (8), (9), (10-a), and rfw G f (z = s) for (2), (5), (6-a), since s ^ 0. 
Therefore (fo(z = s), (0,0,0)) is rational. 

(II-A-I-iii). Cj 3 P = (0, a, 0, 0) ; a ^ 0. 

Since f (Y = a) = x 2 — \g{z, w)a 2 + ipo(z, w)a + ipo(z, w), it follows that 

(fo(Y = a), (0, 0, 0)) is rational under the coordinates (x, z, w) by Lemma 3.2. 

(II-A-II). h := fo — x 2 G C[y, z, w] has a double factor. 



fx = x 2 + Y 3 - \g{z, w)Y 2 + (p(z, w)Y + ip(z, w), 

fo = x 2 - \g{z, w)Y 2 + ip (z, w)Y + ip Q (z, w) 
= x 2 - \g{z, w)(Y + <f)(z, w)) 2 . 
After the coordinate change Y' := Y + <p(z, w), 

fx = x 2 + Y' 3 + {-\g - 3<f))(z,w)Y' 2 + (p'(z,w)Y' + i>'(z,w) 
for some <//, ip' G C[z, w] with deg a , ip < deg a / <//, deg a , ip < deg a / ip' . We replace the 
weight a' = (1/2,(3', 7', 8') with a" = (1/2, (3", 7", 8") which satisfies the conditions 

\ < f3" < \ < f3" + 7" + 8", i'/8" = i/8', 

deg a/ ,(g(z,w)Y' 2 ) = 1, deg a „(ip'(z, w)Y'), deg a „ ip'(z, w) > 1, and 

deg Q ,/(v5 / (z,w)F / ) or deg a „ ip'(z,w) = 1, 
and let /o be the initial part of jf\. Then 

/o = x 2 - \g{z, w)Y' 2 + <p' (z, w)Y> + $,(*, w), 

6 < 13", i > 7", 5' > 5", 
deg Q , g(z, w) < deg Q , 0(z, w), 
deg a ,ip (z,w) < deg a , tp' (z,w) or ip' (z,w) = 0, 
deg Q , ^o(^, w) < deg Q , ^£(2, tu) or ip' (z, w) = 0. 

If h := /o — x 2 G C[Y', z, iu] has no double factor, then Case (II-A-I). 
If h has a double factor, namely, 

/ o = x 2 -§^,w)(Y' + 0'M) 2 , 
then after the coordinate change Y" := Y' + <f)'(z,w), 

f x = x 2 + Y" 3 + (-§</ - 3(0 + 0'))(^ ^)^" 2 + tf'iz, w)Y" + V"(z, iu) 
=: x 2 + Y" 3 + (-§# - 3(j))(z, w)Y" 2 + tp"(z, w)Y" + ^"(z, w) 
for some ip", ip" G C[z, w] with deg a ,/ <// < deg a ,; ip", deg a » -0' < deg a » ip". 
If this procedure continues infinitely, then 

f x = x 2 + F(") 3 + (-\g - 3(f))(z,w)Y^ 2 + ip( n \z,w)Y (n 1 +ip( n \z,w), 

I = (3 < /?' < (3" < ■ ■ ■ < /?(») <•••<§, 

7 > 7' > 7" > ■ • • > 7 (n) > • • • , 
5 > 5' > 5" > ■ ■ ■ > <$W > • • • , 

7 /<j = 7'/^ = 775" = • • • = 7W/5W = • • • , 

± < /?<") + 7W + «JW for all n G Z> , 

deg Q ^(^,w) < deg a (f)(z,w), 

deg Q </?o(z, w) < deg Q ip' (z, w) < deg Q ip'^(z, w) < ■ ■ ■ < deg a ^ n) (^, w) < ■ ■ ■ , 



deg a ^o(^,w) < deg a ^j' {z,w) < deg Q $,' (z, w) <■■■ < deg a ^ n \z, w) < 
so/i(/A,0)>dim c CM /(^ n \0,w), ^(0,w), ?f-^(0,w)) » 1, 



a contradiction. 



92 



<9u> 



Next we consider Case (4-b), (6-b), (10-b), (10-c). Choose a A' such that: 
(k' ,l' ) = (6, 0) for (4-b), (6, 3) for (6-b) and (10-b), 

k[ < 6 and 1' < 6 for (10-c), 

1 l' 
respectively. Then 1 < — < — . Let f be the initial part of f\ G C[x,Y,z',w] with 

do 

respect to the weight a' := (1/2, 1/3, 7', 5'), and m' := j'/S'. 

For the case z' Y 2 is not contained in /o of (10-c), the situation is similar to (I- A), but 
h := /o — x 2 G C[y, z' n \ w] can not have a double factor for n G N. So we consider 
other cases, i.e., 



f = x 2 + Y 3 - \cf lZ ' k w l Y 2 + ^ w)Y + ^', «,) 



x 2 + r 3 - %c 20 z> 2 y 2 + $,(*', w)y + %(z', w), 

x 2 + Y 3 - \c 2X z' 2 wY 2 + <p' (z', w)Y + Vo(^', «>), 

x 2 + y 3 - |4^ ,2 wy 2 + ^0(2', w)y + $,(*', w), 



X 



+ y 3 - |c 3 o^ 3 y 2 + <p' (z', w)Y + ^', «;), 



(4-b) 
(6-b) 
(10-b) 
(10-c) 



where deg ip' (z',t) < 2k, deg ip' (z',t) < 3k (0 ^ t G C). 



(II-A-I'). h := fo — x 2 G C[y, 2;', iu] has no double factor. 
(II-A-I'-i). Sing(/ ) DCj3P= (0,a(t),b(t),t) ; t ^ 0. 

Let 77 := y — a, C, :— z' — b and /o(w = t) := /o(x, 77 + a, £ + b, t), then /o(w = i) — x 2 
has no double factor. 

(Indeed, assume f (w = t) — x 2 = (77 + A(()) 2 (r/ + -B(C)) for some A, B G C[C], then 
/„(«, = t) - x 2 = (y - o(t) + A(z' - b{t))f{Y - a(t) + B{z' - &(*))), 
f - x 2 = (y - a(w) + A{z' - b(w))) 2 (Y - a(w) + B(z' - b{w))) 
= (y + G(z',w)) 2 (Y + H(z',w)) 
{G := -«(«)) + A(z' - b(w)), H := -a(w) + £(2' - b(w)) G C[^, u> m '].) 

= y 3 + (2G + #)y 2 + g(g + 2i/)y + g 2 h 

= Y 3 - f^'y 2 - G(V + 3G)y - G 2 {y + 2G), 



where g'(z',w) := c kl z' w l . It follows that degG(z',t) < k from deg <p' (z',t) < 
2k, degip' (z',t) < 3k, and that G G C[z',w] from g' , G(9g' + 3G), G 2 (|^ + 2G) G 
C[z',w], GeC[z',w m '].) 
If a = b = then 

/„(«, = t) = a: 2 + Y 3 - \c^z'H l Y 2 + <p> (z', t)Y + ^', £), 
with ordip' (z',t) < 4 < 2k or ord^o(^,0 < 6 < 3fc. 
If a = 0, 6^0, then 

f (w = t)=x 2 + Y 3 - |c2(C fc + A;6C fe_1 + • • • + ^ fe_1 C + & fe )^ F 2 

+^(( + M)^ + ^(( + M)9^ 

If a ^ 0, 6 = 0, then 

/„(«, = t) = x 2 + rf + 3a V 2 + (3a 2 + <p' (z', t))r) - fc&Wfa + a) 2 + -9?| 2 

If a ^ 0, 6^0, then r? 2 G / (w = £). 

1 d 2 f 
(Indeed, the coefficient of rf in f (w = t) is 7T7777^(0> a > &> *)> so it follows that: 

the coefficient of ?7 2 in /o(w = t) is 

^^/o(0,F,6(t),t) = (F-a(t)) 3 
^ f (0,Y,b(w),w) = (Y - a(w)) 3 
^f (0,Y,z',w) = (Y-l4 ) l z' k w 1 ) 3 .) 
Hence (fo(w = t),0) is rational. 

(II-A-I'-ii). Sing(/ ) DCj3P= (0, a(s), s, 0) ; s ± 0. 

Then a = because = /o(0, a, s, 0) = -777(0, a, s, 0) = (p' (s, 0) = ^ol- 5 ? 0)- 

Furthermore, 

fo(z' = s) -x 2 := f (x, Y, s, w) - x 2 = Y 3 - ^c$s k w l Y 2 + tp' (s, w)Y + i(;' Q (s, w) 
has no double factor. So it follows that (fo(z' = s), 0) is rational from 

Y 2 G f (z' = s) for (4-b) and (10-c), 

Y 2 w G fo(z' = s) and w l , Yw^ are not contained in f (z' = s) for i < 3, j < 2 

for (6-b) and (10-b). 

(II-A-II'). h := fo — x 2 <E C[Y, z' , w] has a double factor, 
/o and /a are written as: 

/o = x 2 + (y + G(z', w)f{Y + (-§<?' - 2G)(z', w)) 

=: x 2 + y /3 - (§(?' + 3G)(^, w)Y' 2 , (y := y + G(^, «;).) 



fx 



x 2 + Y' 



\g"(z', w)Y' 2 + <p"(z', w)Y' + i>"{z', w), 



(4-b, 6-b, 10-c) 



x 



Y 



/3 



(c 30 ^ + g"(z', w))Y' z + <p"(z>, w)Y> + ^"(z', w), (10-b) 



for some #" := g' + \G, </, i)" E C[z',w] with deg G(z',t) <k (O^teC), 
deg a , if" > 2/3 = 2{ki + W), deg a , ip" > 1. 
Then g" is one of the following: 



(3) / = c 20 -2 /2 + c[ )L ,w L ', 3 < L', 11 is odd, 
(4-a) g" = c 20 (z' + i lW L '){z> + 7> L '), 2 < L', i x ± T2 , 
(4-b) / = c 20 (/ + 7 W L ') 2 , 2<L', 



> (become from 4-b) 



(5) g = C \[Z W + C 0(L , 



0(L'+1) 



W 



L'+l 



3 < L' U is odd, 



(become from 
6-b or 10-b) 



(6-a) g" = c£(z> + 7 > L ')(*' + 7> L >, 2 < L\ 7 i 7^ 7 2 , 
(6-b) / = c 2 / 1 ) (^ + 7 W L ')V 2<L', 

s 

(7) £ = c 30 z + c 04 w , 

(8) g" = c 30 z' + c' 13 z'w 3 , > (become from 10-c). 

(9) (?" = c 30 / 3 + c> 5 , 

For 3, 4-a, 5, 6-a, 7, 8 and 9, we replace the weight a' = (1/2, 1/3, 7', 5') with 
a" = (1/2, /3", 7", 5") which satisfies the conditions 

I < /3" < i < (3" + 7" + 5", i'l&" = i/S', 

deg a „(g"(z', w)Y' 2 ) = 1, deg Q „(</?V, w)Y'), deg a „ if," (J, w) > 1, and 

deg a //(¥»"(« / ,«;)Y' / ) or deg a „ V"(*'> ™) = 1, 
and let / be the initial part of f\. 

If h := f — x 2 £ C[Y', z',w] has no double factor then Case (II-A-I). Otherwise, Case 
(II-A-II), and this procedure must finish in finite times from the assumption. 
For 4-b, 6-b, after the coordinate change z" := z' + '-/[w 1 , we define A", T" under 
the coordinates (x,Y',z",w) similarly as before and choose a A" corresponding to a 
weight a" = (1/2, 1/3, 7", 5") which satisfies (A#, Q = (6, 0) for (4-b), (6, 3) for (6-b). 
Then - < 7" + 5" and 1 < — < — < — . Let /o be the initial part of f\. Then, 



6 



5 5' 



5" 



r/3 9 

i ju ~r i 
ft 



x 2 + Y' 6 - \c 2Q z" 2 Y' 2 + <p'»(z", w)Y' + 1>»'(z", w), (4-b) 



x 2 + Y' 3 - \c { 2 \z" 2 wY' 2 + <f^'(z", w)Y' + W(z", w), (6-b) 

where deg (pg(z", t) < 4, deg $,"(*"> t) < 6 (O^teC). 

If h := fo — x 2 £ C[Y',z",w] has no double factor then Case (II- A- 1'). Otherwise, 

Case (II-A-II'), and this procedure must finish in finite times from the assumption. 

(II-B). When 7 < 5, g(z,w) can be classified as below: 
(1') g = co!W + c K0 z K , 2<K, 

(2') g = c 11 zw + c {K+1)0 z K+1 , 2<K, 

(3') g = C02W 2 + ckoz k , 3 < K, K is odd, 

(4-a') g = c 02 {w + ^z K )(w + l2 z K ), 2 < K, 7l + 72 , ( for No.10, 83 only ), 
(4-b') g = c 02 (w + 7i^) 2 , 2 < K, ( for No.10, 83 only ), 

(5') g = c 12 zw 2 + c {K+1)0 z K+1 , 3<K, K is odd, ( for No.10 only ), 

(7') g = c 03 w 3 + c 40 z 4 , ( for No.10 only ). 

For Cases (1'), (2'), (3'), (4-a'), (5') and (7'), the situation is similar to (II- A). For 
Case (4-b') of No.10 and 83, we define A',T',A',fo and h similarly as in (II-A), and 
repeat the same argument as in (II-A). Namely, if h := /o — x 2 G C[Y, z,w'] has no 
double factor then (II-B-I'), and if h has a double factor then (II-B-II'). Then the 
condition (3^ + 7^™- ) + 5^ > \ must be always satisfied for No.10, because 
fi(fx,0) < /i(/,0) = 242. For the case of (k u h) = (k'^Q = (0,6) of No.83, if it 
becomes (II-B-II'), then z k e f\ for some k > 15. And so, if (5^ + 7W + 5^ < 1/2 
for some n G N then fi(f\, 0) > (3 — 1)(10 — 1)(15 — 1) = 252, which is a contradiction 
to the condition /j,(f x , 0) < /j,(f, 0) = 245. 

And this argument must finish finitely since //(/a, 0) < n(f, 0). 

For arrangement, let us illustrate the above argument as follows: 



I-A< 



a^O :0.K.-- (*) 
a = b = 0: O.K. ••• (**) 

C(3i< 5) or yC j (3 j < 3) e / (u> = t) : O.K. 

I-A 



o = 0, ^0 



otherwise : z := z — bw 



II-A 



I< 



I-B< 



o^O :O.K.-- (*') 
o = c = 0: O.K. ••• (**') 

J (3 i < 5) or yu j (3 j < 3) € / (z = s) : O.K. 
a = 0, c / ^ I-B 

II-B 



otherwise : w := w — c z 



J -,'ITl 



(***\ 



<-***/\ 



1, 2, 3, 4-a, 5, 
6-a, 7, 8, 9, 10-a 



II-A-I : O.K. • • • (*") 



II-A-II :Y' :=Y + 



II-A-I : O.K. • • • (*") 
II-A-II :Y" :=Y' + <fJ 



II-A< 



4-b 

6-b : z' := z + ^iw L 
10-b 



II-A-I' : O.K. • • • (**") 



II-A-II' :Y':=Y + G-*< 



3, 4-a, 
5, 6-a 



II-A-I : O.K. • • • (*") 
II-A-II : Y" := Y' + 6' 



4-b 



'„.,£' 



6-b 



: z" := z' + j[w 

II-A-I' : O.K. • • • (**") 
II-A-II' : Y" := Y> + G' 



II < 



10-c : z' := z + jiw — > < 



^'V 2 G /o < 



II-A-I' : O.K. • • • (**") 
II-A-II' :Y' :=Y + G->t 



II-A-I : O.K. • • • (*") 
II-A-II :Y" :=Y' + 6' 



otherwise : I-A 



1', 2', 3', 



4-a', 5', 7' 



II-B-I : O.K. • • • (*'") 
II-B-II : y' :=Y + 6 



II-B-I : O.K. • • • (*"') 
II-B-II :Y":=Y' + 6' 



II-B< 



4-b' : w' := w + jiz 



K 



II-B-I' : O.K. • • • (**"') 



II-B-II' : Y' := Y + G -f l 



3', 4-a' < 



II-B-I : O.K. • • • (*"') 
II-B-II : Y" := Y' + 6' 



4-b' : w" := w' + j[z K ' 

II-B-I' : O.K. • • • (**"') 
II-B-II' : y" :=Y' + G' 



The procedures of combinations of "a coordinate change — >■" must finish in finite 
times. Namely, taking suitable coordinate changes in finite times if necessary, the 
situation can be reduced to the case that ({/o = 0} D H, P) is rational i.e. the case 
(* . . . *( m )) of (I) or (II), after all. Thus, there exist a local coordinate system and a 
weight such that (fo, P) is rational. Furthermore, the condition ^+(3^ +^^ + 5^ > 1 
is satisfied under each coordinate system appearing in the above procedures. 

Thus it is enough to show Claim 3.5 for the proof of Theorem 2.7. 

Proof of Claim 3. 5. 
Step 1. 

Since (/a,0) is an isolated singularity, it follows that: 

z k or yz k or z k w G /a, and w l or yw l or zw l G f\. 
Taking suitable coordinate change 

y' := y + b\z Kl + C\W Ll , z' := z + C2W L2 , w' := w + b2Z K2 
for some sufficiently large Ki, Lj G N and some bi, Cj G C, we have z' , w' G f\ 
and r(/x) is the same as before except adding compact faces touching some coordinate 
planes. 

Step 2 ([A]-Thm. XXII, [AGV]-12.7, Kouchnirenko [K]-Thm. I). 

Let y J , z K , w L G F(y, z, w) G C[y, z, w] and V = {J i=0 V% be a decomposition of the 

three-dimensional region of the positive orthant below the Newton boundary T(F) C 

R> 3 = {(Y, Z, W) G R> 3 } which satisfies: 

Vo is the three-dimensional simplicial cone which has vertex (0, 0, 0), (j, 0, 0), 

(0, k, 0), (0, 0, 1) with j, k, I G Q> ; j < J, k < K, I < L, 

V\ has a vertex (J, 0, 0), Vi has a vertex (0, K, 0), V3 has a vertex (0, 0, L), 

dim R (Vi fl Vj) < 2 for i 7^ j, and S12 = 6*23 = ^i = for 

S a ■= Vt n (rZ-plane), S i2 := ^ n (ZW^-plane), S i3 := ^ n (W^F-plane). 

(See Figure 5.) 




► w 



Figure 5. 



Suppose that (F, 0) is an isolated singularity, then 



3 3 



/ i(F,0)>3!(^^)-2!(^^^)+l!(J + ^ + L)-l 

,j=0 j=l 



J=0 



= jkl - (jk + kl + lj)+j + k + l-l 
+ J2 ( Wi - 2 J2 S i3 ) + ( J - J) + (K-k) + (L-l) 

i=l \ 3=1 J 

>{j-l){ k -l){l-l). 



Step 3. 



If < 5' < 5 < 7 < i < 1 and 7 + 5 = 7' + 5' then 

HG-'MHG" 11 ' 

In fact, let 7 + 5 = 7' + 5' =: 1/c, c G R, then 
1 11/111 



y8' 7' 5' \7<5 7 <5 y 
= (c - 1)( 7 ' - 7)(c(7 + V) - 1)M'(1 " c 7 )(l - cry') > 0. 

Step 4. 
From Step 1 - Step 3, if 7' + 5' = 1/c < 1/6 then 



M/A,0)>(3-l)(i-l)(i 



^-^"OOr 1 )^' '' 

a contradiction. This completes the proof of Claim 3.5 and Theorem 2.7. Q.E.D. 
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